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12.5 Lines and Planes in 3D yd/
Lines: We use parametric equations
for 3D lines. Here’s a 2D warm-up:
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Consider the line:y =4x+5.  LeT (x 3 = Aﬂcwem o o tﬂtﬁmw
(a) Find a vector parallel to the line. Tihen L muumog

Callitv. Ly, = <og;‘7+ t <4
(b) Find a vector whose head touches —; éiff—’ y = S+t

the line when drawn from the | ONE  QArA~ETe RATION

origin. Call it ro. B (e ¢ :; Fon O 4
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(c) Observe, we can reach all other ((%;“’; : e il
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points on the line by walking along
ro, then adding scale multiples of v.

This same idea works to describe
any line in 2- or 3-dimensions.



Summary of Line Equations

Let (x,y,z) be any point on the line and
r =< X,y,Z > =avector pointing to
this point from the origin.

Find a direction vector and a point on
the line. |
1. v={a,b,c) direction vector
2. 7o = (Xg,Y0,Zy) position vector

PU{*‘:{J- My. Iyl

r=r0+tv

(x,v,2) = (xy + at,yy + bt, zy + ct)
X = Xxg + at,
Y = Yo+ bt,
Z=12Zgtct.

vector form

parametric form

symmetric form




Basic Example — Given Two Points:
Find parametric equations of the line
thru P(3, 0, 2) and Q(-1, 2, 7). =3 -4re> et e
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X\ FIND I0E EQUATGY  On UNE LiMeE

General Line Facts TH o o (Lg-2> AND Phasel T L)
1 Two lines are parallel if their L < =41 [———“ﬁ* ?j ’\;qi‘f
il [P |

direction vectors are parallel. S :H . - _Q_HJC

2. Two lines intersect if they have an E><S D X = i E\ x=3 S
= |+ =2_=
(X,y,2) point in common. i ; " J \2 -4
- =9 - - yAVN

Use different parameters when you e= e

combine!

Note: The acute angle of

intersection is the acute angle @ N m;\;m,,_

between the direction vectors. L #3 .
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3. Two lines are skew if they don’t

intersect and aren’t parallel. \/



Summary of Plane Equations

Let (x,y,z) be any point on the plane
and r =< x,y,z > = a vector pointing
to this point from the origin.

Find a normal vector and a point on
the plane.

1. n=(a,b,c) normal vector St Pty
., X S
2. T = (xo,yo,zo) position vector ET
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n- (r- o) = 0 vector form

(anJC) <x _xOJy _yO)Z - ZO) — 0
a(x —xg) +b(y—yg) +c(z—125) =0 standard form
If you expand out standard form you can write:

ax —axy+ by — by, +cz—cz; =0
ax +by+cz=d , wWhered = axy + by, + cz,




Basic Example — Given Three Points: i
Find the equation for the plane " '
through the points P(0, 1, 0), P
Q(3, 1, 4), and R{-1, 0, 0)
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General Plane Facts SN vt

. , Fine  THe  puave THAT 1S Jinmle
1. Two planes are parallel if their o Ty (1S, -8)

normal vectors are parallel. |
NS = 2 (o 7)Y 44 {y \g) +ko(%+ 6\ -6

2. If two planes are not parallel, then
they must intersect to form a line.

2a. The acute angle of intersectioV
is the acute angle between

their normal vectors. o
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2b. The planes are orthogonal if S -0
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their normal vectors are — Ny S
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12.5 Summary
Lines: Find a POINT and DIRECTION. Planes: Find a POINT and NORMAL

v ={(a,b,c) direction vector n=<{(a,b,c) normal vector
ro = (X0, Yo, Zo) position vector ro = (X0,Y0,29)  position vector
x=xg+at,y=y,+bt,z=1zy+ct. alx—x)+b(y—y) +c(z—2)=0

To find equations for a line To find the equation for a plane

Info | : : Info given?
given? Find two points &
v = AB N Done.
(subtract ro =4
components)

Find three points

Two vectors parallel to the
plane: AB and AC

Done.

lines parallel —directions parallel.

lines intersect — make (x,y,z) all equal
(different paramt!)

Otherwise, we say they are skew.

—— —

n =AB x AC ro=A

planes paraliel —normals parallel.
Otherwise, the planes intersect.





